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HIGHER ORDER RECTIFIABILITY OF MEASURES VIA AVERAGED 

DISCRETE CURVATURES 

SLAWOMIR KOLASINSKI 


Abstract. We provide a sufficient geometric condition for R" to be countably (/r, m) rec¬ 
tifiable of class (using the terminology of Federer), where /r is a Radon measure having 
positive lower density and finite upper density /r almost everywhere. Our condition involves 
integrals of certain many-point interaction functions (discrete curvatures) which measure 
flatness of simplices spanned by the parameters. 


1. Introduction 


Let denote the m dimensional Hausdorff measure over M”. A measure /x is said to be 
AD(m) regular if there exists A G [l,oo) such that A~^ < r“™'/x(B(x, r)) < A for x G spt/x 
and r G (0,1)- We say that /x is uniformly rectifiable if it has the big pieces of Lipschitz 
images property, which means that it is AD(m) regular and there exist 6,M ^ (OjOo) such 
that for X G spt /x and r G (0,1) there exists a Lipschitz map / : B(0,r) H —?• MA such 
that Lip/ < M and /x(B(x,r) fl /[B(0,r)]) > Or. David and Semmes |DS91l IDS93j were 
studying uniformly rectifiable sets S C MA in the context of harmonic analysis and in the 
search for a geometric criterion yielding boundedness of certain singular integral operators 
on L^('H™'LS). To characterize these sets, they introduced the beta-numbers defined for 
p G [l,C)o), X G M”, r G (0,cx)) as follows 


/3™p(a:,r)=r ^inf{r ^ L)P dfi{y)Y^^ , 

where the infimum is taken with respect to all affine m dimensional planes L in M”. For 
p,q G [1, oo) and B C M” Borel we set 




10 yt,,q{x,r)P^dp{x). 

Following |DS93l Definition 1.2 on p. 313] we say that p, satisfies the {p,q) geometric lemma 
if /X is AD(m) regular and there exists some C G (0,oo) such that Jq,^p^q[B) < Cp{B) for 
all balls B C By |DS93[ p. 22] measures which satisfy the (2,2) geometric lemma are 
uniformly rectifiable. 

If T = (oq, . ■., Om+i) £ let AT be the convex hull of the set {oq, • • •, Om+i}- For 

B C M”' Borel we define the integral Menger curvature of a measure /x on R by 

M (B)- f 'R"^+bA(ao,...,am+i))^ d/x’^+^(»c a 


This was (up to a constant) one of the functionals considered by Lerman and Whitehouse 
in |LW09L ILW 1 Ij were they showed that if p is AD(m) regular, then is comparable 

to Aip on balls establishing a new characterization of uniform rectifiability and providing a 
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connection between the beta-numbers and Menger-type curvatures. In |LW09l Corollary 6.1] 
a characterization of measures satisfying the {p,p) geometric lemma for 1 < p < oo is also 
given. 

Following Federer |Fed69[ 3.2.14] and Anzellotti and Serapioni |AS94j we say that a set 
E C is countably {p, m) rectifiable of class if there exists a countably family A of 
m dimensional submanifolds of M”" of class such that p{E ~ IJ-^) = 0- Let 0™(/r, a) and 
a) denote the lower an upper densities of at a G M” as defined in |Fed69[ 2.10.19]. 

Quite recently Meurer |Meul5j proved, assuming a priori that S C M” is merely Borel 
and p = that if < oo, then E is countably rectifiable of class 

His work can be seen as a higher dimensional counterpart of the result of David |Dav98) 
and Leger |Leg99| done in connection with the famous Vitushkin’s conjecture on removable 
sets for bounded analytic functions. Azzam and Tolsa |AT15| and Tolsa [Toll 5] proved that 
if p is Radon and satisfies 0 < Q'^*{p,a) < oo for p almost all a, then M"' is countably 
{p,m) rectihable of class if and only if ^ < oo for almost all a. However, 

in this generality the quantities considered in |Meul5] and in [AT151 ITollSj are not known to 
be directly comparable as was the case in the AD(m) regular case due to |LW09[ [LW11| . 

Higher order rectifiability, mostly of functions (see |AS94l Dehnition 2.5]), has also been 
studied for a long time. In the context of functions it is rather called a Lusin-type approx¬ 
imation. Calderon and Zygmund |CZ611 Theorems 9 and 13], Resetnjak |Res68] and, more 
recently, Liu and Tai |LT94| , Lin and Liu |LL13j gave conditions for higher order rectifiability 
of functions in terms of existence of approximating polynomials at almost all points. The clas¬ 
sical Alexandrov’s theorem (see |Ale39| or |Full| i and its generalization by Alberti |Alb94) 
can be seen as a rectifiability result for convex functions. 

Higher order rectifiability is an important feature of sets in geometric analysis. It was 
observed by Schatzle |Sch09[ §3] that it can be used for proving regularity of sets governed by 
a PDF. This philosophy was employed later by Menne |Men09L IMenlOl IMenlll IMenl2j and 
Menne and the author |KM15j for showing certain regularity results for varifolds. 

In the present article we provide a sufficient condition for rectihability of class in terms 
of functionals similar to A4^. Whenever pis a measure over M”, and I G {1, 2,..., m-|-2}, and 
a G [0,1], and p G [1, oo), and a, oq, ..., Um+i G M”, and T = (oq, ..., Om+i), and r G (0, oo] 
we set 


R™+RAT) 

k{T) = —- ——- if diam( AT) > 0 , k(T) = 0 otherwise, 


diam(Ar)”^+i 




GSS SU'D _ 

ai,...,am+ieB{a,r) diam({a, ai,..., ’ 


(1) /Cj]^’’“(a,r) = / ■[ Kj;(’^“(6i,...,6i_i)d/i(6i)---d//(6i_i) 


with the understanding that there is no essential supremum in case I = m + 2 and there is no 
integral in case 1 = 1. 

\ip> m(Z —1), and a = l — m{l — l)/p, and p = for some compact set E C then 

S(p) = f /Cji^’“(a, oo) dp{a) coincides with one of the functionals analyzed by Strzelecki and 
von der Mosel [SvdMll] . Blatt and the author |BK12| . Szumahska and the author |KS13| . 
Strzelecki and von der Mosel and the author |KSvdM13l IKSv and by the author |Koll5j . 
Analogues of the Morrey-Sobolev embedding theorem for sets, where k plays roughly the role 
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of the second weak derivative, were studied in |SvdMlll IKollSl IKS13j . Geometric charac¬ 
terizations of graphs of certain (fractional) Sobolev maps were given in |BK12l IKSvdMl^ . 
In |KSvl5] the authors use £ to solve geometric variational problems with topological con¬ 
straints. In [BK121 iKSvdMl^ a full geometric characterization of graphs of some (fractional) 
Sobolev maps is established. 

If / = m -|- 2, and p = 2, and a = 0, then £{p.) equals A^^(M"') which was considered 
in |LW09l ILWlll IMeu n. Formally, if one sets I = m + 2, and p = 2, and a = m — (m -|- 
2)(m -|- l)/2, then £ yields also one of the quantities used in |LW12l §4] to approximate the 
least square error of a measure. 

Our main result reads as follows. 

1.1. Theorem. Let p be a Radon measure over ML such that 

(2) 0 < 0™ {p, x) < 0”^* (/i, x) < oo for p almost all x , 

and / G {1, 2,..., m-|-2}, and a G (0,1], and p G [1, oo). Assume 1) < oo for p almost 

all a. Then M"" is countably {p, m) rectifiable of class 'if and p is absolutely continuous with 
respect to TL^. 

Moreover, if a < 1, then for any e G (0,1 — a) there exists a measure p satisfying Q 
and < oo for p almost all a and such that M"' is not countably {p,m) rectifiable of 

class 


The converse of Theorem o does not hold due to the example |KS13j . In view of the 
characterization of graphs of functions of Sobolev-Slobodeckij class obtained 

in [BK12] one could expect that finiteness p almost everywhere of should rather char¬ 
acterize “rectifiability of class ~ a notion not yet defined. 

We prove the first part of o in section First we use standard methods of geometric 
measure theory to reduce the problem to the case when p is roughly AD(m) regular, which is 
possible because we assume 0 < Qf^{p,x) for p almost all x. Then, for p almost all points x, 
we hnd m dimensional planes that approximate the measure in smaller and smaller scales 
around x and, due to the condition a > 0, we prove that they converge in the Grassmannian 
to some plane which must contain the approximate tangent cone of /r at x - this is the heart 
of the proof; see 7.4 From there we conclude using |A1172[ 2.8(5)] that 


is countably 

{p,m) rectifiable of class This allows to reduce the problem farther to the case when 
p = where S is a subset of a graph of some function. Next, we use the decay 

rates obtained in 7.4 together with 5.5, which is a corollary of [Sch09l Lemma A.l], to get 
the conclusion. 

The proof of the second part of 1.1 is contained in section It bases on the fact that for 

any 0 < a < /3 < 1 there exists a set which is a graph of some map but is not countably 
rectifiable of class which can be deduced from [AS941 Appendix]. In section 
we also give examples of other functions that could be used in |l.l| in place of k. 

Our result can be seen as an extension of [Meul5| but is not stronger. A glance at the 
outline of the proof given above reveals why our problem is extremely simpler than that 
considered in [Men 15] or |AT15j . The first reason is that we assume a > 0 which immediately 
gives convergence of the approximating planes in 7.4 The second, but actually the crucial 
one, is that we assume 0™(/r, a) > 0 for /r almost all a which allows to reduce, roughly, to 
the AD(m) regular case. 
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2. Notation 

In principle we shall use the book of Federer |Fed69| as our main reference and source of 
dehnitions, and we shall adopt some, but not all, of its notation. In particular we shall write 
{x G X : P{x)}, in contrast to X n {x : P{x)}, for the set of those x G X which satisfy some 
predicate P. We also prefer to say that a function is “injective” rather than “univalent”. 
The symbols M and N shall be used for the set of real and natural numbers including zero. 
Moreover, whenever G MU {— 00 , 00 } and s < t, we shall write {s,t), [s,t] for the open 
and closed intervals in M and also (s, t] and [s, t) with the usual meaning. If A and B are 
sets, we write A ^ B for the set theoretic difference. If X is a vector space, A, B C X, c G X 

and r G (0,oo) we adopt the notation c + A = {c + a\ aG A}, rA = {ra : a G A} and 

A + B = {a+ b:aGA, b G B}. When we write M” we always mean the n dimensional 
Euclidean space with the standard scalar product denoted tt • u for tt, n G M”. We shall write 
U(a, r) and B(a, r) for the open and closed ball centered at a and of radius r in the metric 
space to which a belongs to. We adopt the definition of a measure from |Fed691 2.1.2], which 
is sometimes called an outer measure in the literature. The symbols PX' and stand for 
the m dimensional Hausdorff and Lebesgue (outer) measures as defined in |Fed691 2.10.2(1) 
and 2.6.5]. Whenever m G N ~ {0} we use the symbol a{m) for the Lebesgue measure of 
the unit ball in M"*. If X and Y are normed vector spaces, t/ C X is open, k G N, and 

a G [0,1], then a function /:[/—)■ T is said to be of class if / is continuous, has 

continuous derivatives up to order k (cf. |Fed69t 3.1.1,3.1.11]), and the k^^ order derivative 
D^f satisfies the Holder condition with exponent a (cf. |Fed69l 5.2.1]); in this case we write 
/ G '^^’“(17, Y). The image of a set H C X under a mapping f : X ^ Y is denoted f[A] and 
similarly f~^[B] denotes the preimage of a set B <GY. We write idx for the identity function 
on X. Whenever is a metric space, A <Z X, and x G X, we use the notation dist(x,H) for 
the distance of x from A. We write A^ to denote the Cartesian product of / G N ~ {0} copies 
of a set A and if / : H —)• H, then f : A^ ^ B^ is the Cartesian product of I copies of /, 
i.e., /^(ai ,... ,ai) = (/(ai),..., f{ai)). Similarly, /x* shall denote the product of I copies of a 
measure /x (cf. |Fed691 2.6.1]). For the Grassmannian of m dimensional planes in M"' we write 
G (n, m) (cf. |Fed691 1.6.2]). With each P G G {n, m) we associate the orthogonal projection 
Pj] : M" —>• P C M” onto P and the orthogonal complement P"*" = kerPjj. Whenever vi,... ,Vk 
are vectors in some vector space X, we write spanjui,... ,vi} for the linear span of these 
vectors. If /x measures some set X, / : X —)• M is ^-measurable and H C X is /x-measurable, 
we write / d^ = ^{A)~^ f d/x for the mean value of / on A. By X 3 x f{x) we mean 
an unnamed function with domain X mapping x G X to /(x). For the essential supremum 
of a function / : X —?■ M with respect to a measure p, over X we write (^) esssup(/), which 
is defined to be equal to ip)(oo)if) ™ notation of |Fed691 2.4.12]. To optimize space we 
shall sometimes write (p) ess supif i^)) instead of (/x) esssup(X 9 x /(x)). 

The reader might want to recall the definitions of: the space of orthogonal projections 
0*(n,m) |Fed691 1.7 .4], the exterior algebra A* ^ of a vector space X with its associated 
wedge product A |Fed691 1.3], tangent cone Tan(S', x) of a set P C M"- [Fed691 3.1.21] at x G M"", 
approximate m-tangent cone Tan”*(/x, x) of a measure p |Fed691 3.2.16] at x G W^. 

Sometimes we write to denote the number that appeared under the name ”F” in 

the formulation of x.y. Throughout the paper n and m shall denote two integers satisfying 
1 < m < n. 
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3. Approximate tangent cones 
3.1. Remark. For a,v £ M”, £ G (0, oo) define the cone 

E(a, v,£) = {6 G M"" : 31 G (0, oo) \t{b — a) — v\ < e} 
Then (cf. |Fed69l 3.2.16]) v G Tan™'(/r,a) if and only if 

0*'"(^LE(a, u, e)) > 0 for all e G (0, oo). 
Note that, if 0 < e < |t;|, then b G E(o, i;,£) if and only if 


6 / a and 


b — a 
\b — a| 


^ > 1 - 


2 \ 1/2 


The notion of an approximate tangent cone Tan™'(//, a) (cf. [Fed 691 3.2 .16]) that we use is 
different from the notion of the tangent space defined by blow-ups in |Sim831 11.2]. However, 
if we have the following. 

3.2. Proposition. Suppose p, is a Radon measure over M”, and T G G {n,m), and a G M", 


(3) 

Then Tan™'(^, a) C T. 


and lim r 

r4.0 


lB{a,r) 


\b — a\ 


dp{b) = 0. 


Proof. If Tan™'(;U,a) ~ {0} = 0, the conclusion is evident. In all other cases we shall prove 
the proposition by contradiction. If there existed v G Tan™'(/i,o) ~ T; then \T^v\ > 0. 
Recalling 3.1, if e G (0,oo) satisfied e < then for each b G E(a,u,e) setting t = 


{b — a) • v\b — a\ we would have 


b — a V 



\b — a u 


^ 6 —a 


\T^t{b-a)\ ^ \T^v\ - \T^{v - t{b - a))\ 


\TTv\ -£ 3 \TPv\ 

> > 0. 

k; 4 m 


Hence, for any r > 0 and e G (O, \ \T^v\'), we would obtain 


(4) r 




\T^^{b-a)\ 
\b-a\ 


d/u(6) > r 


> - 
- 4 


. f Kl.b-a)\ 

J E(a,v ,e)nB{a,r) 1 ^ 

3 \T{xtv\ / .2 X -1/2 


1 - 


dp{b) 

p(E{a, V, e) n B(a, r)) 


Since we assumed v G Tan™'(/i, o), we could argue that 0*™'(/rLE(a, u, e), a) > 0 for all 
£ G (0,oo). Then, for e G (0, jjTj^-^uj), taking limsup^j^Q on both sides of Q, we would get 


lim sup r 

r4,0 


\T^{b-a)\ 


dp{b) > 0, 


B(a,r) \b — a\ 

which is impossible due to the assumption Q . Thereby, we conclude that it was not possible 
to choose V G Tan”^(/r, a) ~ T; thus Tan™(^, a) C T. □ 
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3.3. Remark. Observe that 

(5) 


rtO 


'-B{a,r) 


m^{b- a)\dfj.{b) = 0 


3.2 


implies Q which can be verihed by representing the integral over B(a, r) by a serie s of 
integrals over “annuli” B (a,2 ^r) ~ U(a, 2 ^ ^r) for /c G N. Hence, the conclusion of 
holds also with assumption Q replaced by ([^. 

4. Graphs of functions and the slope of the tangent plane to a graph 

4.1. Remark. A convenient way to work with graphs of functions defined on some T G G (n, m) 
and with values in T-*- is to express the function using orthonormal bases for T and T-*-. To 
do that we choose orthogonal projections p G 0*{n,m) and q G 0*(n, n — m) (cf. |Fed69l 
1.7.4]) such that imp* = T and imq* = T-*-. Then if A C M"* and / : A —)• we define 

F = p* + q* o / and then im F is the graph of / with identified with T. 

The following remark, made in the spirit of |A1172] 8.9(5)], allows to express the “slope” of 
the tangent plane to a graph by the norm of the derivative of the function; see |4.3[ 


4.2. Remark. Assume T G G (n, m) and ry G Hom(T, T-*-). Set S = {v + r]{v) : u G T} G 
G (n, m). Observe that the function [0, oo) 3 t t^(l+t^)“^ is increasing; hence, using |A1172l 
8.9(3)], 


\s,-Fr = 


■uPjn] ^ : u G 5 ~ {0}| 


o ‘S’l,]]^ = supjlTt/ 

= sup {\r]{w)\'^\w + r]{w)\~‘^ : w £ T ^ {0}} 

= sup {lr/(u;)j^(l + \r]{w)\'^)~^ :r(;Gr,jr(;l = l} = 


1+II^P 

4.3. Corollary. Let p, q, T, A, f, and F be as j[ Assume that S C imF, a G S is such 
that Tan(S, a) G G (n, m) and that f is differentiable at x = p(o). Then, employing \4.^ with 
Df{x) in place ofr], we obtain 

(6) llTan(S,a)^-r^ll - 

Let 6 G S and set y = p{b). Then b = F{y) and DF{x){y — x) £ Tan(S,a). Define 
u = - f{x) - Df{x){y - x)) = F{x) - F{y) - DF{x){y - x) £ T^ 

and u = Tan(E, a)^(6 — a) = Tan(E, a)^u . 

Then, by (©, we get 

\u-v\ = \ Tan(S, a)i^u\ = \ Tan(S, a\T^u\ < ]] Tan(S, a)t, - Tt, ]] Ju] = ■ 

In consequence, 

lTan(S,o)^(6-a)l < \ f{y) - f{x) - Df{x){y - x)\ , 


jTan(S,a)^(fe — a)j > 


1 - 


\\Dfix)\\ 


{i + \\Df{xwy/2 


\f{y) - f{x) - Df{x){y - x)\ 


( 7 ) 
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5. Higher order rectifiability criterion for graphs 

To talk about approximate features of functions (e.g. limits, continuity, differentiability; 
cf. |Fed69[ 2.9.2,3.1.2,3.2.16]) one needs to provide two parameters; a measure and a Vitali 
relation (cf. |Fed69[ 2.8.16]). It will be convenient to define a standard family of Vitali 
relations. 


5.1. Definition. For A: G N ~ {0}, we set 

Vfc = {(x, B(x, r)) ; X G , r G (0, oo)} . 

5.2. Remark. If /c G N ~ {0} and cf) is a measure over such that all open sets are (/) mea¬ 
surable and 0(^) < oo for all bounded sets A C then due to [Fed69( 2.8.18] the family 
Vk is a 4> Vitali relation. 


In the following proposition, whenever we write “ap Df we mean the approximate differ¬ 
ential with respect to (£”^, Vm)- 


5.3. Proposition. Suppose a £ (0,1], and A C is -measurable and such that {C^ A, a) 
1 for all a £ A. Let f : A ^ W^~'^ be (T™, Vm) approximately differentiable on A and satisfy 
one of the following conditions 


(8) limsupr 


l/(^) - f{y) - ^vDf{y){z - y)\ 


r4,0 


' AnG{y,r) 


— 7/|l+“ 


\z - y\ 


dC^{z) < oo for all y ^ 


or 


(9) <oo for ail y e A . 


z^y 


\z - y\ 


Then there exist functions fk £ "*), such that 

T™ {A ~ ^ : fi^) = fk{x) and apDf{x) = Dfk{x)}) = 0. 

In particular, the graph of f is countably rectifiable of class 


Proof. The proof can be found in |Sch09[ Lemma A.l] for the case a = 1. If0<a<l, 
exactly the same proof, with relevant occurrences of 2 replaced by 1 -|- a, establishes the 
assertion. □ 


5.4. Remark. In case condition (© is satisfied in |5.3[ the conclusion of |5.3| follows also from a 
theorem of Lin and Liu |LL13L Theorem 1.5]. However, one should note that at a single point 
y £ A condition ([^ does not imply ([^ at y. It is rather a consequence of the proposition that 
conditio n (j^ at all points of A implies condition ([^ for almost all y £ A. Inspecting the 
proof of |Sch09l Lemma A.l] one can extract a sufficient condition, which is implied by ([^ as 
well as by ([^, for the proposition to hold; namely, it is enough to assume that for all y G A 
there exists some K £ (0, oo) such that 


lim sup 

r4,0 


£"^(B(y,r) {z £ A : \ f{z) - f{y) - apDf{y){z - y)] < Kr^+°^]) 

ot{m)r^ 


< eo(m), 


where eo{m) £ (0,1) is a small constant depending only on m. 
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5.5. Corollary. Letp, q, T, A, f, F be as in 4- F Suppose a G (0,1], and A is measurable, 
and f is {C^,Vm) approximately differentiable on A, and S = F[A\ satisfies TdF’iTdj < oo. 
Assume that one of the following conditions is satisfied for almost all a G T, 

(10) limsupr-”" / ^- -d'H"^{b)<oo 

r^O ySnB(a,r) \b - 

or 


( 11 ) 


{TF^ L S, Vn) ap lim sup 

h—ycL 


I Tan' 


\n^Lj:,a)^{b-a)\ 


< oo. 


\b - aP+" 

Then S is TF^ measurable and countably {TF^,m) rectifiable of class 

Proof Employing [Fed69( 3.1.8] we can divide A into a countable family of T™ measurable 
sets {Ai : i G N} such that / restricted to each of Ai is Lipschitz and IJieN ~ Then F\Ai 
is bilipschitz and, since and T™ are Borel regular, Sj = ^[^ 4 ] is measurable for each 
i G N. Hence, S = IJieN measurable. Moreover, if one of the conditions ( [l0| ) 

or (11) is satisfied for almost all a G S, then the same condition holds for 'H™' almost all 
a G Sj for each i G N. Hence, it suffices to prove the Corollary separately for each Ai and Sj 
in place of A and S. In the sequel we will assume this replacement has been done and that / 
has been extended to the whole of M”' by means of the Kirszbraun’s theorem |Fed69l 2.10.43], 
so that we have 


and 


L = Lip(/) < 00 
for almost all a G S. 


/ : ^ satisfies 

Tan”'(^”'LS,a) = Tan(S,a) 

If ( |10[ ) holds for almost all o G S, then let S' C S be the set of a G S for which (10) 
holds. If ( [II| ) holds for Pl^ almost all a G S, let S' C S be the set of a G S for which (11) 
holds. Since PP^iTi ~ S') = 0, we know S' is PF^ measurable. Recall the dehnitions of p, q, 
and F from 4.1 Set B' = p[S'] and note that B' = F“^[S'] so it is S™ measurable. Next, 
set B = {x G B' : Df{x) exists}. Then C^{B' ~ H) = 0 due to the Rademacher’s theorem 
(cf. |Fed69l 3.1.6]); hence, H is also S'” measurable. Define H = {x G B : 0'”(£'”LH,x) = 1}. 
Then, by |Fed69l 2.9.11], B is S'” measurable, C^{B ~ H) = 0 and 0'”(S’”LH,x) = 1 for 
all x G B. Observe 

( 12 ) 'R'”(S ~ F[H]) = 


(S ~ s') + 'H'^{F[B' ~ B]) = 0 because F is Lipschitz; 


hence, it suffices to check that 5.3 applies to /|b. 

Set A = (1 + G (0,1] and note that Lip(F) < A“^; hence, 

(13) F[B(p(o), Ar) 0 H] C B(a, r) 0 F[B] for each a G S and r G (0, 00); 

Employing © combined with ([^ and then applying the area formula |Fed69( 3.2.3] together 

with (13), we obtain 


r |Tan(S, a)|r (6 — a)| 

r-'” / J - A . - -dn^{b) 


iB(a,r)ns \b - a\ 
> A^+“(l - XL)r- 


l + Q 


I/(P(^)) - /(P(a)) - Df{pia)){p{b) - p(a))| 


/B(a,r)nF[B] 

> Ai+"+'”(l-AS)(Ar) 


|p(6) -p(a)|i+“ 

-m f Ifjy) - fix) - Df{x){y - x)| 

J'B(x,Xr)r]B 


\y - x\ 


l-\-a 


dn^ib) 

dS'”(y) 
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for r G (0,oo), x € B, and a = F{x). Hence, if (10) holds, then one can employ 5.3 to see 
that F[B] is countably {T-L^,m) rectifiable of class and, due to (12), so is S. 

Fix a G F[B] and set x = p(a). For y € B and b G F[B\ dehne 

|Tan(S,a)^(6-a)| ^ l/M -/(x) - P/Mfa - x)| 

| 6 -a|i+“ |y-x|i+" 

and (f) = 'H^LF[B]=-H'^L^, 

Setting A = A^+"(l — XL) we obtain, by 0 and the area formula |Fed69l 3.2.3], 

A/i(p( 6 )) < g{b) and < c/){F[S]) < X-^C^{S) 

whenever b G F[B] and S' C H is measurable. Hence, for each r,t € (0, oo) 

{y € B : h{y) > t} C p [{6 G F[B] : g{b) > At}] , 


C^{B{x, Xr) n {y G H : h{y) > tj) ^ </>(B(a, r) n {5 G F[B] : g{h) > At}) 


£™(B(x,r) n B) 


Therefore, 


(14) inf < t G M : lim 

' riO 


£™(B(x, Xr)n{y€B : h{y) > t}) 


£™(B(x,r) n B) 


A”^(?i(B(a,r)) 


= 0 


< inf <; t G M : lim 
rto 


(/.(B(o, r) n {5 G F[B] : g{h) > At}) 


A™(/>(B(a,r)) 

For any x £ B we have 0™'(£’"LH,x) = 1 so it follows that 
( 15 ) C-'IB{x,Xr)) 


= 0 


lim ^ 
rto £™(B(x,r) nH) 


= A™ < oo . 


Recalling x = p(a) £ B was chosen arbitrarily and combining (14) with (15) yields 
(£"*, Vm)aplimsup/i(y) < (</>, V„) aplimsup 5 ( 6 ) 


y^x 


b — 


for all X G H and a = F{x). Consequently, if ( [ll| ) holds, then one can employ 5.3 to see that 
F[B] is countably {'H'^,m) rectifiable of classand, because of (12), so is S. □ 


6. Existence of balanced balls 

6.1. Definition. For 6 £ [0,1], and a £ M"’, and r £ (0, oo] we set 

A, 5 (a,r) = {(6i, ...,bm)£ B(a,r)”" : l(6i - a) A ■ ■ ■ A {bm - a)\ > 5r'^] . 

The following lemma |6.2| is a variant of [AT 151 Lemma 3.1]. Similar results can also be 
found in |LWn9[ Proposition 3.1], and |DS91[ Lemma 5.8], and |Meul5[ Lemma 4.2]. 

6.2. Lemma. Suppose 

g is a Radon measure over , a, 6 G , r G (0, oo), //(B(a, r)) > 0 , 
t, 7 G (0,1), /c G N , k < m , £ G {n,k) . 

Then one of the following alternatives holds: 
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(a) There exist Xk+i, • • ■, Xm G B(a, r) such that if Lj = + span{xfc_|_i — b,... ,Xj — b} for 

j = k + 1,... ,m, then 

dist(xj — b, Lj-i) > 'yr for j = k + 1,... ,m , 
fj,{'B{xj,tr) n B(a, r)) > r)) for j = k + 1,... ,m , 

where T = r(n) G [1, oo). 

(b) There exist A, G N and La G G (n, A) and yi,... ,yN G B(a,r) n (6 + Lx) satisfying 


k < X < m, N <Tj 


-X 


Lk ^ Lx, 


{B(yj, 407r) : z = 1,..., iVj is disjointed, 


N 


^ /i(B(yj, 47r)) > T V(B(a, r)), 


2 = 1 

MB(a 47r)) ^ jy, 

— ' j>m ? ? ? 

where T = T{m) G [l,oo). 

Proof We mimic the proof of |AT15[ Lemma 3.1]. 

Set e = Choose Xk+i, ■ ■ ■ , Xm inductively so that for j = /c + 1 ,..., m 

Lj = Lk + span{xa;+i - b,..., Xj - b} , 

Xj G B(a,r) ~ {Lj-i +B(0,7r)) , 

Sj = sup{/r(B(x, tr) n B(a, r)) : x G B(o, r) ~ (Lj_i + B(0,7 r))} . 

/r(B(xj, ti") n B(o, r)) > ^sj . 

If Sj > e/r(B(a,r)) for j = k + 1,... ,m, then alternative (a) holds with L = 2”"*“^. 

Assume there exists A G {k ,..., m —1} such that sa+i < e/u(B(a, r)). Then, since B(a, r) ~ 
(La + B(0, jr)) can be covered by balls with centers in B(a, r) ~ (La + B( 0,7r)) and 

radii tr, we get 

;u(B(a, r) ~ (La + B(0, yr))) < 2”t“"'e/r(B(a, r)). 

Recalling e = ^2~'^t'^, this implies that 

(16) m(B(o, r) n (La + B(0, yr))) > 5^(B(a, r)). 

Since dim(LA) = A there exists a finite set I C B(a,r) n Lx such that 

B(a,r) n (La + B( 0,7r)) C y{B(z,47r) : z e l} , 

(17) {B(^, ^7r) : z G /} is disjointed, TL^{I) < K = (47)“'’^. 

Next, we define J = {z G / : /r(B(z,47r)) > (4iL)“^/x(B(a, r))} and note that 

/^(U{B(2;, 47r) : z G I ~ J}) < r )); 

hence, employing (16), 

(18) //(U{B(z,47r) : z G J}) > 4^(B(a,r)). 

Now we construct Y = {yi,..., yj\f} C J inductively so that for f = 1,..., A" 

Ji = J, Ji = ^ J : B(z, dOyr) n B(yj, dOyr) = 0 for j = 1, 2,..., z — l} if i > 2 , 

(19) yi^Ji, //(B(yi,47r)) >/i(B(z,47r)) for z G Lj, Jat+i = 0. 
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For i = 1, 2,..., we see from that Ji ~ Ji+i contains at most 20'^ points. Thus, 
using (18) and (19), we obtain 


N 


N 


/i(B(a, r)) < 4 ^ ^(U{B( 2 ;, 47r) : z e Ji-- <4-20^ ^ ^(B(yj, 47r)) . 

i=l 1=1 

\ 1 ! I {^ ^ \ -Pz-vT* 'V eJJL 7^ mn /-^ - (/i ^ 


> > 4-zm + ^ g J . 

- ' r^m. 


□ 


Finally, since ^{^{z,^'yr)) > (4A') ^|u(B(a, r)) for z G J and K = ( 47 ) we conclude that 
/r(B(2:,47r)) ^ ^(B( /^(B(a,r)) 

(4^7-)™. ~ 4iF(47r 

Hence, alternative |(b)| holds with F = 4 • 20™. 

6.3. Corollary. Suppose a G and tq G (0,oo), and A G [l,oo), 

and H“^Q:(m)r™ <//(B(a, r)) for r € {0,ro] , 
and p(B{z,r)) < Aa{m)r^ for 2 : G M” and r G (0,ro] . 

Then there exist 6 = 6{A,m) G (0,1] and a = a{A,n,m) G (0,1] such that 
h^iXsia, r)) > crp(B{a, r))™ for r G (0,4ro] . 

Proof. Let r G (0,ro] and set 7 = and t = (l + 27 ™)^^™ — 1 and A: = 0 

and Lk = { 0 } and b = a and 6 = and apply 6.2 with this choice of a, b, 7 , r, t, k, L^. 
Observe that for this particular 7 alternative 6.z [b)| cannot hold due to the assumed lower 
bound on /i(B(a, r)) and upper bound on ^(B( 2 :, 47 r)) for 2 ; G M”. Therefore, there exist 
xi,..., Xm G B(a, r) such that alternative EM holds. Then clearly 

I (xi - a) A • • • A {xm - a) I > 7 ™r™ . 

A simple computation as in |Koll5l Proposition 1.7] shows that if we choose arbitrary points 
Ui G B(xi, tr) for i = 1,..., m, then 

|(y, _ a) A ... A - a)I > ^j^r^ = 5r^ . 

This shows that 

(B(xi, tr) n B(a, r)) x • • • x (B(xm,, tr) n B(a, r)) C Xs{a, r ); 


hence, 6 .^ a) yields 


/r™(X,(a,r))>r^-MB(«,r))- 


□ 


7. Proof of higher order rectifiability 


7.1. Remark. If <5 G [0,1], and a, c G M"", and r G (0,oo], and ( 61 ,... jbm) £ Xs(^a,r), 
P = span{ 6 i — a,... ,bm — «}, then 




^ ^ <5 dist(c — a, P) 
“ 2”^(m + l)! 2r ' 


and 


7.2. Lemma. Let r, 5 G (0, 00 ), e G (0,1), P,Q£G{n,m), vi,... ,Vm G M" satisfy 
Q = spanjui,... ,Um} , \vi A ■ ■ ■ A Vm\ > Sr"^, \vi\ < r , < er 

for i = 1,... ,m. Then jjP|j — Qtill ^ rnS~^e. 
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Proof. By |A1172[ 8.9(3)], there exists u £ Q such that 

|r| = 1 and \\P\^ - Q\^\\ = \\P^ o Q^W = \P^u\ . 

Choose ai,..., am £ M such that u = YllLi For each i = 1,..., m we have 

PVm 


a. 


= (ui A • • • A Vi-i AuA Vi+i A • • • A Vm) 


lui A • • • A Ump 


1 


I I Ui A • • • A Ui-i A R A Uj+i A • • • A Urn _ 

and \ai\ = -,-,- < — , 

\vi A ■■■ A Vm\ or 

m 

hence, ||Pt| — Qp| = < m5~^e. 

i=l 


□ 


7.3. Remark. We shall frequently use the Chebyshev’s inequality in the following form. When¬ 
ever 1 / measures some set A, / : A —)• M is a measurable function, t £ (0,oo), and A C A 
is V measurable, then for any K £ (0, oo), we have 

v[{x£A-. \ f{x)\ > Kf^l/I di/}) < K-^v{A) . 

7.4. Lemma. Assume I £ {1,2,..., m + 2}, and a £ (0,1], and p £ [1, oo), and p is a Radon 
measure, and 6,a £ (0,1), and A £ [l,oo), and ro £ (0,oo). Define S to be the set of those 
a £ MP for which 

/Cj;P’"(a,4ro) < oo, 

(20) A~^cx{m)r^ < p(B{a, r)) < Aoc{m)r'^ for r £ (0, ro], 

(21) p^{Xsia,r)) > ap{B{a,r))'^ re(0,ro]. 

Then there exists a constant C = C{m,l,p,a,a,6,A) and for each a £ S there exists T{a) £ 
G (n, m) such that 

(a) in case I < m + 2: for p almost all b £ B(o, ro) 

|r(a )^(6 -a)\< \b - a\)^/P\b - ap+“ 

and, whenever b £ S H B(a, ^ro), 

\\T{afi - T{bfi\\ < \b - a\)^/P\b - ; 

(b) in case I = m + 2: for any r £ ( 0 , ro] 

i/p 




r \ l/P 

^ dist(c — a, T(a))^ d;u(c) ) < 4r)^/- 

B(a,r) / 

In particular Tan™'(/x, o) C T{a) for all a £ S, by 3.2 and 3.3. 

Proof. Obviously we can assume S is not empty - otherwise there is nothing to prove. Set 
M = + 2)f7-P If 2 < / < m + 1, define 

Y{a, r) = I (6 i,..., 6™) G B(a, r)^ : • • •, bi-i) > 


A I = m + 2, set 

Y (a, r) = I (5i, ...,bm)£ B(o, r)™ : 


/B(a,r) 


K’Pyribl,-..,bm,c)dp^ic) > 
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and if / = 1, set Y{a,r) = 0. Employing Chebyshev’s inequality 7.3 we obtain 

(22) r)) < M” V(B(a, r))'" 


for ^ G {1,..., m + 2}, and a G M", and r G (0, oo]. Since M > a using (21), we get 

(23) r) ~ y(a, r)) > [a — j^) /r(B(a, r))™' >0 for a G 5 and 0 < r < tq . 

For a G 5, and 0 < r < tq, and {gi,.. .,gm) G Xsia,r) ~ Y{a,r) if P = spanjg'i - a, ...,gm- 
a} and 1 < I < m + 1, then using [eT] together with (20) and (HD we get 


M/Cji^’"(a,r) M/C 


( 7 l-ia(m)r-)^-' “ MB(a, r))^-i “ ’'' ’ 

^ . K(a,gi,...,ff^,6)P ^ (^) ess supj,gB(a,r) dist(fe - g, Py) 

~ ^ feesS diam({a,(7i,...,5^,6})™('-i)+«P “ (2™(m + l)!)P(2r)™('-i)+(i+«)p 


which implies 
(24) 


(/x) ess sup (dist(6 - a, P)) < CiK}f^^{a, rflPr^+^ , 

feSB(a,r) 


where Ci = + 1)! Q(m)-i/^’2”^+™('-i(/P+i+" . 

An analogous computation shows that in case / = m + 2, for a G 5, and 0 < r < ro, and 
(ffi, ■ ■ •, 9ni) G Xs{a, r) ~ y(a, r) if P = spanj^i - a,..., 5^ - a}, then 

(25) f / dist(c - a, Pf dg{c)) < Ci/C^^’’“(a, r)^/Pr^+" . 

\JB(a,r) ) 

Now, we shall prove the lemma in case 1 <l < m + 1. Set P = {a: G M” : 0*™'(/x, x) > 0}. 
Due to (23), for each a £ S and 0 < r < tq there exists an m-tuple 

(51(0, r),.. .,gm{a,r)) G P™ 0X5(0, r) ~ y(a,r) 

and we can define 

P(a,r) = span{(5(i(a,r) - a),..., {gm{a,r) - a)} G G (n,m) . 

Whenever a G S and 0 < s < r < tq, noting gi{a, s) G P n B(a, r) for i = 1,..., m, we may 
employ (24) together with 7.2 to obtain 

||P(a,r)t, -P(a,s)i,|| < m<5“^C'i/C|;P’“(a, r)^/Pr" . 

Therefore, for each a £ S, the spaces P(a, r) converge as r —)• 0 to some r(a) G G (n, m) and 

||P(a,r)^ - T{aW\ < G2/Cj]^’"(a, , where C 2 = m6~^Ci . 

Moreover, by ( pd] ) and the triangle inequality, for any a £ S and b £ E n B(a, ro) 

|r(a);(6 - a)| < (Cl + C2)}C^f’^{a,\b - a\)^/P\b - a|^+“ . 

Assume a £ S, and r G (0, ro], and 6 G 5 ~ {0} are such that |6 — a| = ^r. Then for each 


i = 1,..., m there holds \gi{b, ^r) — a| < r and it follows from ( |24[ ) that 
P{a,r)({g,{b, ^r) - o) | < 2Ci/C;;^’-“(a, r)VPri+“ ; 
hence, employing again |7.2t we get 

||P(a, r)^ - P{b, tr) II < 2^+'^C2JC^f^^{a, r)^/^\b - 0 ]“ 
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In consequence, for all a,b € S, r € (0, oo) with |a — 6 | = < |ro 

\\T{a)^ - T{b\\\ < \\T{a\ - P{a, r)^|| + ||P(a,r)^ - P {b, 0^ || + ||P (6, §)^ - T{b\\\ 

< rY/P\b - ar , where C 3 = C 2{2 + 2 ^+“). 

This finishes the proof in case 1 < I < m + 1. 

Next, we shall consider the case I = m + 2. For a € S and i = N define inductively 

Pi = 2"Vo , Qo{a) = P{a, po ), 


Zi{a) = Ic ^ S(a, Pi) : dist(c — a, Qi{a))P > M 'h dist(z — a, Qi{a))P dp{z) > , 

I J'B{a,pi) } 

Wi{a) = {(ci,... ,Cm) G B(a,pi)™' : cj G Zi{a) for some j G {1,.. ■ ,m}} , 
and, whenever i > 1 , 

{hip{a ),..., hi^rnia)) G X{a,pi) ~ {Y{a,pi) U IFj_i(a)) , 

Qi{a) = span{/ij 4 (a) - a,..., hi^mia) - a} • 

Note that (/ijq(a),..., hi^mia)) exists for all i G N and a £ S. Indeed, for z G N and a G S 
Chebyshev’s inequality |7.3| yields 

p{Zi{a)) < M“V(B(a,pi)); 

hence, p"^{Wi{a)) < ((l + - l)/z(B(a, , 

which implies for i G N ~ {0}, combining ( pO) ) with ( [2^ and noting ((1 + — 1) < 

2”^M-i and M > 

p'^{X{a,p^)^{Y{a,p^)UWi.,{a))) > {a{m)pT)""{A^{a - M-^) - A'^) > 0 . 

Observe that for a G S', and z = N ~ {0}, and j = 1, 2,..., m, employing (25), 

dist(/ijj(a) — a, ( 5 i_i(a)) <iM^ dist{z — a,Qi-i{a))P dp{z) 




i/p 


l+a 


Therefore, lemma 7.2 yields for o G S and z G N { 0 } 

||Qi(a)tl - Qi-i{a)\i\\ < C4X''f’°‘{a, pi-i)^^Ppf , where C 4 = . 

Summing up a geometric series we see that for a G S the spaces Qi{a) converge as z —)■ 00 to 
some T{a) G G {n,m) satisfying 

||Q*(a)^ - T{a)^\\ < 2pi)^/Pp‘^ , where G 5 = (1 - 2-‘^)-^Ca ■ 

Let a £ S, and p £ (0, 00 ), and z G N be such that pi+i < p < Pi < vq. Then 


B(a,p) 


dist(c — a, T{a))P d/Zs(c) 


i/p 


< 


B(a,p) 


dist(c — a, Qi{a))P dp\^{c) 


i/p 


+ 


B(a,p) 


\\Qi{a) - T{a)\\P\c - af dp\;{c 


i/p 


< (Cl + G5)/C;]P’“(a,2A)i/Pp0« < C6/C^^’’“(a,4p)VPpi+« 
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where Cg = 2 i+“(Ci + C 5 ). 


□ 


The followine: theorem |7.5[ cited from |A1172] . will allow us to reduce our main theorem o 
roughly to the case when ^ where S is a subset of a graph of a function. 


7.5. Theorem (cf. [A11721 2.8(5)]). Suppose p, is a Radon measure overW^ such that for pL 
almost all a the following two conditions hold: 0 < G™'* (//, a) < 00 and there exists T G 
G (n, m) such that Tan™'(^,a) C T. Then fi = and MT is countably {pL^m) 

rectifiable of class . 


Now we are ready to prove the first part of the main theorem [m 

7 . 6 . Theorem. Suppose p is a Radon measure which satisfies the density bounds (§ and 
1) < 00 for pi almost all a. Then M” is countably {p.,m) rectifiable of class 


Proof. For j G N ~ {0} set 

Aj = {a G M"' : j~^a{m)r'^ < //(B(a,r)) < jQ:(m)r™' for 0 < r < , 

Aq = 0, Bj = Aj ~ Aj—i , p,j = pL\-Bj . 


Since (0,00) 9 r 1—)• ;u(B(a, r)) is right-continuous for each a G M" and M” 9 o 1—>■ p,(B{a,r)) 
is upper semi-continuous for each r G ( 0 , 00) we deduce that Aj are Borel sets. Clearly 
Aj C Aj+i for j G N so {Bj : j G N} is disjointed and, because p, satisfies Q, we have 

p{R^r.[j{Aj:jGn})=0- 

hence, it suffices to show that M” is countably {pj,m) rectifiable of class for each j G N. 
Fix j G N ~ {0}. Define Borel sets Aj^ = 0 and 

Aj^k = {a G Aj : {2j)~^Q.{m)r^ < pj{'B{a,r)) < jQ.{m)r'^ for 0 < r < k~^{ 

for /c G N ~ {0}. Observe that 


(26) 


(B(a, r)) < ja{m)r"^ for a G Aj and 0 < r < j ~^, 

0™(/ij,a) > j~^ for pj almost all a by |Fed69l 2.9.11] since Bj is Borel; 
thus, pj(M.'^ ~ ■ k G N}) = 0 . 

with pj, a, 2 ™j in place of p, tq, a, A to find 


6.3 


For each A: G N and a G Aj^k we apply 
out that there exists 5 = (5(n, m, j, k) G (0,1] and a = a{n, m, j, k) G (0,1] such that 


pJ^{Xs{a,r)) > apj{'B{a,r)) for 0 < r < /c 


-1 


Next, for each /c G N we apply 7.4 with pj, 6{n,m,k,j), a{n,m,k,j), 2j, k Aj^k in place 


of p, 6, a, A, ro, S to see that for each /c G N and a G Aj^k there exists some T{a) G G (n, m) 
such that 


(27) Tan™(/rj,a) cr(a), 
and, if / < m -|- 2, then 

(28) ^ ^|i+a 1^ “ for Pj almost all b G B(a, k~^) , 

and, if / = m -|- 2, then, using Holder’s inequality, 

r lT(a)f(c —a)l ; 1/ 1 

(29) f ^ dpj{c) < 4r)^/P for 0 < r < . 
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Employing 7.5 together with (27) and (26) yields that Aj is countably rectifiable of 

class Hence, there exists a countable family A of submanifolds of M”" such that 


(30) = 

Thus, to finish the proof it suffices to show that for each A: G N and M € A the set M n Aj^k 
is countably rectifiable of class 

Fix M £ A and k £N such that fij{M n Aj^k) > 0. Employing the definition of a subman¬ 
ifold [Fed69( 3.1.19(5)], we can represent M locally, around any a G M, as a graph over the 
tangent plane Tan(M, a) of some function, i.e., we can find a neighborhood Ua of a in 
and projections pa G 0*(n,m), qa G 0*(n,n — m) such that 

imp* = Tan(M,a), imq* = Tan(M,a)"*", pa|Mnc/a is injective, 

(pa|Mnt/a)“^ : Pa[Ua] K'" is of class , T>((pa|Mnt/J“^)(pa(o)) = Pa • 

Set Fa = {pa\MnUa)~^ and fa = (\a° Fa] then 

Fa=P: + qlofa, /a(Pa(a))=0, Dfa{Pa{a)) = 0 . 


Define an open “cuboid” adjusted to Tan(M, a) of radius r G (0, oo) by the formula 

C(a,r) = {y G M” : |pa(y - a)| < r and |qa(y - a)\ < r} . 

Recall Ua is a neighborhood of a in MA so a G Intf7a. Thus, for all a G M there exists 
a radius ra > 0 such that 


(31) M nC{a,ra) = Fa[\J{pa{a),ra)] and ||D/a(x)|| < ^ for x G B(pa(a), ra). 

Next, observe that MCiAj^k is a second-countable space as a subspace of a second-countable 
space M”’; hence, it has the Lindelof property (cf. [MunOOl Theorem 30.3]). Thus, from the 
open covering {C(a, Va) : a G M n Aj^^} of M n Aj^^, one can choose a countable subcovering 
{C(ai,raj) : i G N} of MCiAj^k- Now it suffices to prove that MnHj^fcnC(aj, raj is countably 
rectifiable of class for each i G N. 

Fix an z G N. Since Aj^k is Borel it follows that E = pajTf n Aj^k H C(aj, raj] is T™ mea¬ 
surable by |Fed69l 2.2.13]. By (31) we see that ?7™'(FajF]) < oo. Clearly we also have 
r(aj = Tan(M,aJ because of (27) and dimT(aJ = m. Hence, we can apply 5.5 with pa^, 

9ai) T(ai ), f g., Fa. 
recalling 




3.3 


Fa^[E\ in place of p, q, T, /, E, A, S. With these substitutions, 
and ( 1 ^ and < 0 ”]^- ,x) < j for fj,j almost all x £ Aj, we see that ( [^ 
implies ET in case I < m + 2 and ( |29| implies ( |10[ ) in case I = m -|- 2. Consequently, we 
deduce that M n Aj^k C C(oi, raj is countably ("R™, m) rectifiable of class □ 


8. Sharpness of the exponent a and other admissible integrands 

Here we prove the second part of our main theorem o We also consider a few different 
functions which can replace k, in the definition of 

8.1. Definition. For T = (oq, ... , 0 ^+ 1 ) G (M"')™’+^ we set 

Vin(T) = min{dist(aj,aff({ao, • • • , 0 ^+ 1 } ~ {oj})) : j = 0,1 ,..., m -P l} , 
where aff(H) denotes the smallest affine plane containing the set A C MA. 

8.2. Definition. For T = (oq, ... , 0 ^+ 1 ) G (M"’)™’"''^ we set 

kAT) = 'L if diam(AT) > 0, kAT) = 0 otherwise. 
diam(Ar) 






















HIGHER ORDER RECTIFIABILITY OF MEASURES VIA AVERAGED DISCRETE CURVATURES 17 


8.3. Remark. A suggestion to use Kh instead of k appeared in |LWlll §10]. 

For any T G to estimate h^\a{T) it suffices to consider T inside the (m + 1) di¬ 

mensional vector subspace of M” containing AT. Hence, the following estimate follows im¬ 
mediately from a result of Gritzmann and Lassak |GL891 Lemma 3] 


8.4. Lemma. Suppose h G [0,oo), and T G and a G and S G G(n, m), and 

AT C {6 G M*" : \S^{b - a)| < h}. Then /imin(T) < (m + 2)h. 


8.5. Corollary. Let p, q, T, A, 
is of class and S = imT 

d = diam(AT), and 


f, F he as in f.l 
and T = (oq, 


Suppose a G [0,1], and A = and f 
,am+i) G 2""+^ satisfy h r u \-n (T) > 0, and 


M = sup{||T)/(p(6) - T»/(p(ao))|| • |p(6) - p(ao)| “ : 6 G S, 0 < |6 - aoj < d} . 
Then hmm{T) < M{m + 


Proof Note |/(p(6)-/(p(ao))-T»/(p(ao))(p(6)-p(ao))| < M|p(6)-p(ao)|^+“ < M|6-ao|^+“ 
for all 6 G S with 0 < |6 — aoj < d. Hence, employing we obtain AT C jb G : 


|Tan(S,ao)u (6 —ao)| < Thus, 8.4 yields h min (T) < M{m + 2)d^~^ 


□ 


8.6. Corollary. Let p, q, T, A, f, F he as in Suppose a,(d^ [0,1]; and a < (3, and 

A = M™, and f is of class and S = T[B(0,1)], and p G [1, oo), and / G {1, ..., m -|- 2}, 
and pL = and is defined as in 0 hut with Kh in place of k. Then there 

exists r = r(m, I, f,p, a, (3) G (0, oo) such that 


/C|)f;"(a,l) < r for all a 


Proof Set 

M = sup{llT»/(x) - Df{y))\\ ■ [x -y]”^ : x,y G B(0,1)} , 

L = sup{llT)T(x)ll : x G B(0,1)} . 

If p(/3 — a) > m{l — 1) (in particular if I = 1), then by 8.5 

1) < MP(m + for o G . 

Assume now p(/3 — a) < m{l — 1) (in particular / > 1). For a G M” and i G N dehne 
Ai{a) = {(ai,... ,az_i) G : 2“* < diam(A(a,ai,.. .,ai-i)) < 2“*+^} . 

Then Aj(a) C B(a, 2“*+^)^ ^. Employing 8.5 and the area formula |Fed69l 3.2.3] we get 


/C 




(a, 1) < Y1 

i=0 



{M{m + 2))Pdn^ ^(ai,... ,a;_i) 
diam({a, oi,..., a/_i})™'0-i)-p(/3-«) 


< (M(m + 2))P 

i=0 


< {M{m + 2))P(2T)™('-i)Q(m)'-^ Y < oo 

1=0 


□ 
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8.7. Corollary. Let ^ be a Radon measure over M” satisfying and I G {1, 2,..., m + 
2}, and a G (0,1), and p G [l,oo). Then for any e G (0,1 — a) there exists a Radon 
measure p, satisfying Q and < oo for p almost all a and such that M"' is not 

countably {p,m) rectifiable of class 


Proof. Let / : n U(0, 2) —>■ be of class such that the graph of / is not 

rectifiable of class in the sense of |AS94[ Definition 3.1] - such function 

can be constructed using |AS94[ Appendix]. Let p, q, T, F be related to / as in 4.1 Set 
S = F[B(0,1)] and p = 77™ L S. Clearly M” is not countably (/x, m) rect ifiable of class ^ 
However, since / is of class we see that < oo by 


8.6 


□ 


8 . 8 . Definition. For T = (ao,ai,... ,am+i) G satisfying hmin{T) > 0 and i £ I = 

{ 0 ,1 ,..., m + 1} define 


Pmsinj(r) = 


|(ai - Oo) A • • • A {om+i - ao)| 


n 


m+l I 
i=0 


Kmm{T) = niin{pm sini(r) : i G /} , /Xmax(r) = max{pm sini(T) : i £ 1} , 
i^dis{T) = inf| (^™g^ dist(ai, diam(AT)“^ : L an affine m-plane in M"'| 

If /imin(r) = 0, then set K^]n(T) = K^s^{T) = Kd\s{T) = 0. 


8.9. Remark. The definitions of Kmin, ^max are motivated by |LWn9] §6.1.1] and the definition 

of Rdis by §4] 

8.10. Lemma. There exists F = r(m) G [1, oo) such that for T £ (M"')™+^ we have 

k{T) < F min{Kmin(r) , Kmax(7') , Kdls(T) , Kh{T)} 
and max{Kmin(r), ksis{T) , k{T)} < Tki,{T) . 


Proof. Let T = (ao,... ,Om+i) G (M’^)™"''^. If h min fT') = 0, then we get zero on both sides 
of both inequalities; thus, assume h^ia{T) > 0. Permuting the tuple T we can assume 
h m\n (T) = \P^{am+i — ao)|, where P = spanjoi — qq, ... ,am — ao}- Using the triangle 
inequality we can find x G {0,1,..., m} such that 2|am+i — 0*1 > diam(Ar); thus, permuting 
the tuple (ao,. ■ ■, Om), we can also assume i = 0. Then 


I (ai oq) a • • • a (om ao)| • \Ph (am+i ao)| 

fT) < PmSm(T) = -----S--- < 2Kh(T), 

jO-l Q/0| * * * \CLm ^0| * l^m+1 ^0| 


and 


, . I(ai oq) a • • • a (om ao)| • \P^ (o^m+i ao)| ^ ACh(T) 

^ (m + 1 )! diam(Ar)™’• diam(Ar) “ (m + l)! 

and Kh(r)^ = dist(aj, oq + Pf , so k,a\s(T) < k\,{T) . 


Hence, max{Kmin(T), Rdis(7'), ^(r)} < 2Kh(T). 

Clearly fi;min(7~') < K m»^ r(T). Since |aj — aj\ < diam(AT) for all i,j £ {0,1,..., m + 1} it 
is also clear that K mw iT) > (m + 1 )\k(T). From [LWlll (A.2)] we farther deduce kyi{T) < 
(m + 2)Avdis(r). Therefore, k{T) < (m + 2) min{«;min(r), Kmax(r), Kdis(T), ki,{T)}. □ 


8.11. Corollary. Let p be a Radon measure over M” satisfying Q, and / G {1, 2, ..., m + 2}, 
and a £ ( 0 , 1 ], and p £ [ 1 , oo), and he defined as in Q but with k replaced by one 
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of K, K m\n , Kmax; Kh- Assume 1) < cx) for /i almost all a. Then M” is countably 

(//, m) rectifiable of class and is absolutely continuous with respect to TC^. 

Moreover, if n is replaced by one of k, Kmin; «^dis; ond a < 1, then for any e £ (0,1 — a) 
there exists a measure // satisfying © and /Cl’^“(a) < oo for p, almost all a and such that 
MT is not countably {p,m) rectifiable of class 


Proof. The claim readily follows from|7.6] and 8.7 and 8.10 


□ 


8.12. Remark. The author does not know whether the second part of 8.11 holds if one uses 
«^max in place of k. 
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